Power operations in Morava E-theory

Hongxiang Zhao

January 21, 2024

Abstract

This talk contains two parts. The first one is a modular interpretation of power oper-
ations in Morava E-theory, for which the main reference is [Rez09]. The second one is
an application of power operations in Morava E-theory in the computation of homotopy
groups, for which the main reference is [BSSW23]. We will also give a short introduction

to [BSSW23].
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1 Notation

In this note, all formal groups will be 1-dimensional. We fix a prime number p and n € Z-,
a perfect field k of characteristic p and a formal group G over k of height n. Let K (n) be the
Morava K-theory of height n at p.

Let F := E(k,G,) be the Morava E-theory. In particular, F is a commutative algebra in
K (n)-local spectra and G,, := Aut(FE) is a static group, called Morava stabilizer group. In
addition, we have £ ~ Wuy,- - ,u,_1] non-canonically, where W is the ring of p-typical

Witt vectors of k. Let m be the maximal ideal of E.

2 Background in power operations

Remark 2.1. There is bad news at the beginning. We cannot follow the definition given in Erik's

talk, as the endomorphism Ei-algebra in spectra of the forgetful functor
G: CAlg(Modg(Sp)) — Sp

The point is that, what Erik defined, is the [E,-algebra of stable power operations, as in [GL20)].
These are power operations compatible with the suspension. Due to [GL20, Corollary 8.4
and Theorem 8.5], the spectrum of stable power operations at a fixed weight involves a Tate
construction. However, Tate spectra vanish K (n)-locally because of the ambidexterity in K (n)-
local spectra (cf. [HL13, Theorem 0.0.1 or more generally Theorem 5.2.1]). Therefore, there are
no stable power operations for Morava E-theory, so we have to consider unstable operations.

The good news is that we do not need to change much.

We let G: CAlg(Modg(Sp)) — Sp be the forgetful functor and j.: Spy,) — Sp be the

inclusion functor. The functor j, admits a left adjoint j* and

sk

J

SPr(n) ___, SP

Ve

promotes to a symmetric monoidal adjunction. It induces an adjunction

-k

J
CAlg(MOdE(SpK(n))) N CAlg(Modg(Sp))

VES

The K (n)-localization functor L,y ~ j.j*.



Define U to be the composition
U: CAlg(Modg(Spy ) 23 CAlg(Modg(Sp)) % Sp & An

and P/OTN<E' ) := End(U) be the E;-algebra in anima of endomorphisms of U (cf. [Lurl7, Corol-
lary 4.7.1.40]).

Note that we have the following pairs of adjoint functors.

7* Symp . D jing
CAlg(ModE(SpK(n))) N CAlg(Modg(Sp)) X Sp X An
e G Q>

By moving right adjoints to the left through the adjunctions,
U(R) = Q% 0 G o j.(R) ~Map(1,Q2% o G 0 j.(R)) ~ Map(j"Symp(S), R)
By Yoneda lemma, we have
Pow(E) = Map(j*Symy(8). j*Symp(S)) = U(j*Symp/(S))

Thus, . (Pow(E)) = . (j.j*Symp(S)).
Definition 2.2 (Completed E-homology). For X € Sp, let the completed F-homology be
EXNX) = m(j.j"(E ® X)).

For k € N, let Sym”(X) := (X®),5,, so Sym(X) ~ @ ,Sym*(X). The localization
functor does not preserve infinite direct sum. However, we have the following proposition.
Proposition 2.3 (cf. [Rez09, 4.17]). E(Sym(S)) = (B, E;\(Symk(S)))gl

This inspires the following definition.

Definition 2.4 (Power operation). For k € N, the abelian group of power operations of E of
weight k is E(BYy).

Definition 2.5 (Total and additive power operation). Suppose i € CAlg(Modg(Spk(y)))- The

action ofP/(;v(E) on U(R) gives us a map

U(R) — Map(End(U), U(R)) ~ Map(Q®°GSym(S), 2°Gj.(R))
— Map(Q® (S BY, ® E), Q°GJ,(R)) ~ Map(S2(Q® (ST By, ® E)), Gj.(R))

— Map(X BEy, Gj.(R))



Taking 7y gives us the total power operation of E of weight k for R is Py,: wo(R) — R°(BX;).

Explicitly, Py, sends a.: S — j. R to the composition

k

J (5B ® E) = *Symly(S) " 5™ jeSymk (. R) ¥ j*j.R ~ R,

where 7 is the multiplication map on j.R. By pre-composing a power operation of weight &

f € E}NBYy), wegetamap f*o Py : mo(R) — m,(R) sending ov: S — j, R to the composition
i*Sym*. (o j*
FYE L (EB, @ B) ~ j*Symk(S) T S Symk (,R) 3 R ~ R

Note that this map is not additive since Symy;, is not additive. We call f € E/(Sym/},(S)) an

additive power operation of E of weight k if f* o Py is additive for all R.

Remark 2.6. Note that ];T()TV(E) is an Eq-algebra in anima and T, (PT(;V(E)) also has addition
intertwining with the multiplication. This looks like the structure of a plethory, which is a ring
object in Ring®. In fact, [Rez09, §4] defines an algebraic approximation functor T Modg* —

Modg* such that
1. The functor T’ promotes to a monad.
2. The forgetful functor Alg; — Algg. is plethyistic. In particular, T(E,) is an E.-plethory.

3. For a flat E-module M, (T (m.(M)))h ~ 7 (Juj*Sympg(M)), which gives T the name

algebraic approximation functor.

4. If M is further finite free, then T(m.(M)) =~ ®5° 7. (j.5*Symh(M)). In particular, we

have Proposition 2.3 combining the last point.

One may also be interested in the beginning of [BSY22, §3] for a short introduction to the case
at degree 0. Under the view of plethory, additive power operations are exactly the primitive
elements with respect to the coaddition structure on T(E,) (cf- [Rez09, 6.2]).

1t is not clear to me whether 7T*<ﬁ(;V(E)) is an E.-plethory itself.
The following proposition gives an example of non-additive power operation.

Proposition 2.7. Leti: E — XY BY, @ E € Ey(BXy,) be the map induced by the canonical
map S — L°BYy,. We have i* o Py(a) = oF.



Proof. Note that we have the following commutative diagram.

k
E®S 2L s Fos® —¢ R LR

G | A

Sym%,(S) Q) Sym%(R)

where the composition up is k-th power of v and the composition below is i* o Py («). [

Let trgfx s, _, be the transfer map defined in Appendix A. Define

Sk
(trsixs,;
S

Tr;: R°(BY; @ BEy,) R°(BX},)

and Iy, be the transfer ideal in R°(BY;,) generated by the images of Tr; for 0 < ¢ < k. By
[BMMSS6, 11.2.1], we have

Pi(a+B) = Pu(e) + Pu(B) + Y Tri(Pi(a)Pei())
0<i<k

Proposition 2.8. The composition
Py: RY(S) uid R°(BY) — RY(B%)/ L,

is a ring homomorphism, called the total additive power operation of .

If f € E{(BXy), then f is additive if and only if f* o Tr; = 0 forall 0 < i < k, or
equivalently, if f*: R%(BX;) — mo(R) factors through R°(BY)/I;,.

The localization functor buys us the following benefit of preserving finite freeness.

Proposition 2.9 ([Rez09, 3.17]). If M € Mody is a finite free E-module, then LK(n)Sym%(M)
is also finite free for all k. Furthermore, if w.(M) concentrate on even degrees, then so is

LK(n)Sym’Z@(M)-

In particular, E7(BY;,) concentrates on even degrees. Since E is even periodic, we may
assume that » = 0 in the following. For careful consideration of the degree issues, see [Rez09,

§2,87 and 11.17].

Corollary 2.10. Hompo (E{(BYy), E°) ~ E°(BYy), equivalently, Hompo (E°(BYy), E°) ~
B (B



Therefore, the module I';, of additive power operations in EJ'(B) is isomorphic to the
dual module Hompo (E°(BYy)/ I, E®). Let Ay ~ E°(BYy) /I, be the dual module, so Ay,
carries a canonical F°-algebra structure. Note that by composition, I' := @72 T is a graded
[E;-algebra in MonE?O. For each commutative complete FE-algebra R, my(R) is a (static) left

[-module.
Proposition 2.11. If'k is not a power of p, then I;, = E°(BXy).

Proof. If k is not a power of p, then there is an i < k such that (*) is coprime to p. Since
Sk

tr XS .
E(BY) is p-local, the composition S¥BY), 3" SX(BY; ® BS;) — LB is
an isomorphism in E-cohomology by Proposition A.1, so the image of the transfer map is the

whole ring. O

Thus, Ay, = 0 for k is not a power of p, and we denote Afr] := A,.
Recall from Xiansheng’s talk that we have the following interpretation of homotopy groups

of spectra in terms of quasi-coherent sheaves over the moduli stack of formal groups.

Proposition 2.12. There is an equivalence of symmetric monoidal abelian categories
QCoh(MFe~t)? ~ lim QCoh(Spec(m, (MU®))
Furthermore, the MU-homology promotes to a functor
Sp — liglQCoh(Spec(ﬂ*(MU@’])))@ ~ QCoh(Mie=tiv)¥

Out first goal is to understand the left I'-module structure of the homotopy groups of com-

mutative K (n)-local E-algebras in terms of deformations of formal groups.

3 Deformation of Frobenius

Let R be the category of complete Noetherian local rings, whose residue field is an extension
of k, and local homomorphisms. From now on, we will abuse the notion of a morphism in R

with its corresponding morphism between affine formal schemes.

Definition 3.1 (Deformation). A deformation of G to R € R is a triple (H, i, «), consisting
of



1. a formal group H over R,
2. ahomomorphism ¢: k¥ — R/n, where n is the maximal ideal of R and

3. an isomorphism «: Hy — (70, where H is the special fiber of H and CTO is the base-

change of (G along i.

Definition 3.2 (Frobenius isogeny). Suppose T' € R has characteristic p. Let¢p: T'— T be the
Frobenius homomorphism. For any formal group H/T, the Frobenius isogeny Frob: H —

H®) is the homomorphism of formal groups over R induced by the following diagram.

®
/_\
H ___lj“r_o_b___> H(p) H
N
Spf(T) == Spf(T') —— Spf(7T)

Definition 3.3 (Deformation of Frobenius). Let (H,i,«) and (H',i’, o) be two deformations
of Gy to R. A homomorphism f: H — H’ of formal groups over R is a deformation of Frob"
if

1. io¢" =1, and

2. the following diagram commutes.

G() < GO < @ HO > H
J/FrobT lF/r—(;g“ lfo lf

G(PT) : a(\];r/) , o H' . K
0 0 N 0 ’

Note that the first condition implies E;vo(p : is isomorphic to the base-change of Gy along

i

Let DefFrobpg be the category with objects deformations of G to R and morphisms deforma-

tions of Frob” for some r > 0.

If ¢ and ¢ are deformations of Frob” and Frob” respectively, then 1) o ¢/ (if they are

composable) is a deformation of Frob™"".

Definition 3.4 (Graded category). A graded category is a small category C' together with a
degree function deg: Mor(C') — N, such that deg(avo 3) = deg(«) 4 deg(3) and deg(id) = 0.

7



Every morphism f in DefFrobp, is a deformation of Frob" for some unique 7. Thus, we can
define deg(f) := r. It is easy to show that (DefFrobg, deg) is a graded category.

Given f: R — R’ in 7/5, we can define a functor DefFrob: DefFrobr — DefFrobg by
base-change. If there is another g: R — R”, we have a natural isomorphism DefFrob, o
DefFrob; ~ DefFrob, s satisfying the coherence condition. Hence, DefFrob: R — grCat is a

2-functor between 2-categories.

Theorem 3.5 ( [Str97, Theorem 10.1]). For each r > 0, deformations of Frob" is classified by
an affine formal scheme Spf(L[r)) for Lr] € R in the following sense. For each R € R, there

is an isomorphism of sets
Homg (L[r], R) ~ {deformations of Frob"} /isomorphisms,

where two deformations of Frob” are isomorphic if the sources and the targets are x-isomorphic
respectively. The isomorphism is given by base-changing of a universal deformation of Frob"

over L|r] along the given homomorphism L|r| — R. In particular, L|0] ~ E°.

Let s;,: Spf(L[r]) — Def(Gy) ~ Spf(E°) and ¢,: Spf(L[r]) — Def(Gy) ~ Spf(E°) be
the isogenies remembering and source and target deformations respectively. Furthermore, let
cr: Spf(L[r]:, ®go s, L[r"]) — Spf(L[r + 1’]) be the isogeny remembering the composition
of deformations of Frob” and Frob" . Thus, with the structure maps sy, ¢, and ¢, above, the

isomorphisms in Theorem 3.5 induces an equivalence of formal (graded) category schemes,

DefFrob ~ colionpSpf((H L[r])®=0))

r=0

Applying QCoh, we get the following.

Proposition 3.6 ( [Rez09, 11.16]). There is an equivalence of symmetric monoidal abelian 1-

categories

QCoh(DefFrob)” ~ lim QCoh(Spf((ﬁ L[r])®e0 ()

r=0
~ liny QCoh(Spf((l}) L[r])®e0 ()



4 A modular interpretation of additive power operations

The following key theorem by Strickland relates Morava E-theory with deformation of Frobe-

nius.
Theorem 4.1 ( [Str98]). There is an isomorphism 1),: L[r] ~ A[r] in R for each r.

The construction of this isomorphism will be given in Section 5. In fact, there are similar
structures on A[r] as L[r].

Note that there are two E-algebra structure on E°(BX,)/I;,.. One is induced by the ter-
minal map X° B, — S and the other is induced by the total additive power operation P,
We will denote by s4,t4 for the two maps respectively. The construction of ¢4 needs more
work. The multiplication map I'[r]go ®pgo ['[r'] — [[r + 7’| induces a map A[r + '] —

Hompod,, (I[r]go ®po T[], EY). Note that we have the following isomorphism.

Hompyoa,, (I[r'], Hompyoa,, (U[r], E°)) —— Hompwoeay, (D[r] o @po T[], E°)
f —  (@®y) = fy)(z)

y = f(-2y) — f

where the £°-module structure on Hompioa , (I[7], E°) is given by a - f(y)(z) = f(y)(za).
One can check that this is the same E°-module structure with the one induced by ¢4. Since
L[] is finite free over E°, the left-hand side is isomorphic to A[r];, ®po 4, A[r’]. Thus, we
have ca: Alr 4+ 1] — Afr]s, ®po ¢, A[r'] given by f — ((a ® b) — f(ab)) under the above

isomorphisms.

Proposition 4.2. The isomorphisms 1,: L|r| ~ A[r] in Theorem 4.1 are compatible with the

morphisms s,t and c.

We will postpone the proof of this proposition to the Section 5 and see what we get from it

at first.
Corollary 4.3. In particular, P_pr corresponds to t, which is local, so is continuous for each r.

Since Alr] is dual to I'[r] and I'[r] is finite free for each r, we have

LMody ~ lim QCoh(Spf((J T Al)@ee)))°

r=0



(cf. [Rez09, 5.8]). Combining this with Proposition 3.6 and Proposition 4.2, we have the fol-

lowing equivalences of symmetric monoidal abelian categories (cf. [Rez09, Theorem B]).
LMody, ~ QCoh(DefFrob)”

In particular, the equivalence induces an equivalence between monoid objects. Similar to MU,,

o promotes to a functor

CAlg(Modg(Spk())) — Algr ~ Alg(QCoh(DefFrob)®).

S Translating power operations into isogenies

In this section, we will give the construction of the isomorphisms in Theorem 4.1 and prove
Proposition 4.2.

If Gy is the universal deformation of G over E°, then Og, . =~ E°(CP*). Fix r €

N, we aim to construct a local ring homomorphism ¢,.: L[r] — A[r]. By Theorem 3.5, this
corresponds to a deformation of Frob” over A[r]. Let G and G be the formal groups over A[r],
which are the base-changes of G,,;, along s4 and t 4 respectively. We have O, ~ A|r]s, ®po
E°(CP>™) and Og, ~ A[r];, @go E°(CP>). We have the following commutative diagram for

R € CAlg(Modg(Spg)))-

PT
7T0<R) —p> RO(BEpr) — E()(szr) ®E0 7T0(R) s A[T’]SA ®EO 7T0(R)

[ | | [

mo(E) —— EY(BY,,) =———= E°(B%,") > Alr]

ta

The isomorphism on the upper row is obtained from the fact that E°(BY,-) is finite free over

E°. Setting R = map(X5°CP*, E) induces a local ring homomorphism
Og, = Alr)s, ®po E°(CP>®) — Alr],, ®po E°(CP™) = Og,

which further gives us an isogeny G; — G;. We claim that this isogeny is a deformation of
Frob". Define ¢,.: L[r] — Alr] to be the local ring homomorphism classifying this deforma-

tion.

10



Lemma 5.1 ([Rez09, 10.4]). The augmentation map E°(BX,.) — E" sends the transfer ideal
to pE°. Thus, it induces a map o,: Alr] — E°/(p).

By Proposition 2.7, we have the following commutative diagram.

mo(R) AN RY(BX,r) —— EY(BX,) ®po mo(R) —— Alr]s, ®po mo(R)

\ l ar®idl
r—axP

mo(R) —————— mo(R)/(p) +——=—— E°/(p) ®po 70 (R)

which shows that the given morphism Og, — O, restricted to E°/(p);, ®go E°(CP>) —
E°/(p)s, @po E°(CP*>)is [a] ® b — [a] @ bP", which is a deformation of Frob”. Strickland
proved that this ¢,.: L[r] — A[r| is an isomorphism (cf. [Str98] and [Rez09, 12.7]).

Showing that 1), is compatible with s, ¢, ¢ is just to unravel the definition. For s, recall that
1, o 57, remembers the initial deformation of the deformation of Frob" classified by ),., which
is G5. Thus, the base-changes of G, along s4 and v, o sy, are the same. By the universal
property of EY, they must equal. It is similar for ¢ and c.

To sum up, givena f € I'[r]|, we get a deformation of Frob” from the base-changes of G iy
along f o s4 to f oty as above. Therefore, we can use isogenies between formal groups to

calculate power operations explicitly.

6 Decomposition of £’

In this section, we show an application of power operations on Morava E-theory and give an
introduction to the following talk by Florian.

The recent paper [BSSW23] determines the homotopy groups of the rationalization of the
K (n)-local sphere, which is the topic of Florian’s talk.

Theorem 6.1 ( [BSSW23, Theorem A]). There is an isomorphism of graded Q,-algebra

W*LK(")S[l/p] = AQp(Cb e 7Cn)a
where the latter is the free Dirac Q,-algebra on generators (; of degree 1 — 21.
Classically, there is an equivalence in CAlg(Spg ),
LK(n)S 5 hgn LK(n)(E@)[_])

11



giving by the nilpotence of L (,)S in Modg(Spk(y)) and the K (n)-local Adams spectral se-
quence of F (cf. [DHO04, Corollary A.8 and Remark A.9]). Consider the descent spectral se-
quence of the cosimplical object. Let X be the Dirac stack given by colimae»Spf (7, (E®[)).
According to [HP23, Theorem 5.5], the descent spectral sequence can be identified as

E2, ~ H*(X,0x(t/2)) = msrt LS

s;t —

The Devinatz-Hopkins theorem gives an equivalence between Dirac stacks
X ~ Spt(E)/G,
Apply the Leray spectral sequence to X ~ Spf(FE)/G,, — BG,, we get
B2, = Hiy (G, H(SPE(E), Ospr ey (1/2))) = HHI(X, Ox(1/2))

Since Spf(F) is affine, the sheaf cohomology on the left-hand side is trivial for J > 0. Thus,
the descent spectral sequence becomes the one well-known.

E?, ~ H 3Gy, mE) = 7yt LS

s,t — cts

However, the action of G,, on 7.(FE) is extremely difficult to describe. Instead, [BSSW23]
considers the cohomology groups H, (G, W). One can check that the restriction of the action
of G,, on IV is the same with the action on IV by Gal(E/ [F,). [Mor85] suggests that the natural
map of Z,-modules,

H: (G, W) — H;

cts

(G, E)

is an isomorphism after rationalization. The main result of the paper says that this conjecture is

true.
Theorem 6.2 ( [BSSW23, Theorem B]). For every integer s > 0, the natural inclusion W —

E° induces a split injection

H (G, W) — H;

cts

(G, E°)

12



whose complement is p™ -torsion, where N is a positive integer independent of s. In particular,
Hsts(Gm w) ®z, Qp — Hgts(Gm EO) 7z, Qp

is an isomorphism.

Remark 6.3. This is still open that whether this injection

H: . (G,,W)— H;

cts

(G, E°)

is an isomorphism itself.

Furthermore, the linearization hypothesis by Lazard [Laz65] provides an isomorphism of
Dirac QQ,-algebras
H:ts<Gn7 W[l/p]) = AQp(x17 e 71:71)7

where deg(x;) = 2i — 1. This will finally lead towards Theorem 6.1 [BSSW23, 2.6].
The final goal of this talk is to prove the first half of Theorem 6.2, i.e.,

Proposition 6.4. The natural inclusion W < E° induces a split injection HE (G,,, W) —

Hgts(Gn7 EO)
This is an easy corollary of the following proposition.

Proposition 6.5. The inclusion W — E° admits a continuous G,,-equivariant (additive) split-
ting. Equivalently, there is G,,-equivariant decomposition of topological abelian groups E° ~

W & A-

Therefore, the proof of Theorem 6.2 can be reduced to the statement that H, (G,,, A°) is
pV-torsion.
The construction of the section E° — TV makes use of power operations in Morava E-

theory. Recall from Corollary 4.3 that P, is continuous.

Lemma 6.6 ( [Rez09, 3.18]). Suppose M is an E-module. If G < X is a subgroup of index

prime to p, then the natural map <M®%)hG’ — (M®%)hgk admits a section.

S
triok

Proof. By Proposition A.1, the composition (M%), -5 (M®E),q — (M®F),s, is a mul-
tiplication by the index of G in X, which is prime to p. Since F is p-local, the composition is

an isomorphism. O

13



Lemma 6.7. The total power operations on Morava E-theory are continuous with respect to

the m-adic topology on E° and E°(BXy).

Proof. Assume that k = ", a;p" is the base-p expansion of m. By Lemma 6.6, we have that

the natural map induced by inclusion of subgroups [[;", EX‘” — Y
E°(BY)) — E°(B Hz:“ ~ (X) pE(BS,)or

is injective, as []]", E;f” < Y 1s a subgroup of index prime to p. The equivalence here is
given by Proposition 2.9 and the Kunneth formula. Since W is a DVR, E is Noetherian. The
Artin-Rees lemma implies that the inclusion is an embedding of topological groups. Thus, it

suffices to show that the composition
E® % BABYy) — (R) moE(BS,)
=0

is continuous. Note that this map can be identified as Q)(P,:)®*. Thus, it remains to show that

P, is continuous. For each 0 < j < 4, we have a natural map of E°-algebras.
E(BE,) = (E"(BE,)) """ — (E"(BE,)/1) ",

where the first map is induced by inclusion of groups Exf’ Ty »+ and the latter map is taking
quotient by transfer ideals. The composition of this map with F,; can be identified as (P, )®pl ’,

which is continuous. Now taking the product of all such 7,
E°(BS,) = [[(EY(BE,)/1,) ="
=0

We claim that the Hopkins-Kuhn-Ravenel character theory implies that this map is injective
(Appendix B). The composition of this map and P, is continuous. By applying the above trick

again, we get P, is continuous. O

Proof for Proposition 6.5. For each m, let

~e

B BT BO(BY,,) 2 RO,

14



where ﬁr;m is the K (n)-local transfer map along the surjection X, — e, which is defined in
Appendix A. Thus, (3, is continuous by the above lemma.

Define 3: EY — E°[z] be the formal sum a — > °_ 3,,(a)z™. We have the relationship
Bla +b) = B(a)B(b), which is proved at the end of Appendix A. Furthermore, fy(a) = 1
and 31(a) = a for all @ € E°. Thus, /3 factors through as a continuous group homomorphism
E° — 1+ E°[z]. Now we take the quotient of the target by 1 + E°[z] — 1 + F,[z]. Post-
compose it with the map 1 + F,[z] — F, given by reading off the coefficient of z. The map
factors through W since 1 + F,[x] = Wy, (k) canonically as abelian groups (Warning: they
are not canonically isomorphic as rings), and the map can be identified as the projection to the
first component of Wy, (k) under the isomorphism. This projection map factors through the

restriction map Wy, (k) — W. We can summarize these in the following diagram.

/ ./

JoR RN 1+ E%[z] —— 1+TF,[x]

Letvy: EY — W be the composition of the maps above as in the diagram, which is continuous.
Pre-composing v with the inclusion W < E°, we have an additive endomorphism f of W.
Note that f is the identity of F, modulo p since 3; = id, so f is an isomorphism by the universal
property of W. Hence, o := f~! o~ is the required continuous splitting.

It remains to show that « is G,,-equivariant. Since G,, = Autc Alg(SpK(n))(E), P, is G,-
equivariant. Since ﬂ“;m is a map induced from spectra level, (,, is G, -equivariant. Note that
both the inclusion W < E° and the projection E° — IFT, are (o,,-equivariant. Therefore, « is

equivariant. O

A Transfer maps

Suppose G is a finite group and H < G. Leti: BH — BG be the natural map induced by the

inclusion H < (. In the six-functor formalism of anima, we have

15



i

Y

SpBG 17 SpBH

NS
i*
Note that the fiber of ¢ is G/ H, which is finite and static, so ¢ is proper. Thus, the norm map
Nm;: 7y — 4, is an equivalence.

Letp: BG — 1and q: BH — 1 be the terminal maps. The map
trfl: D= Prigt yal pgi;i! ~ qi*

is called the transfer map.

I‘G
Proposition A.1 (cf. [BMMSS86, I1.1.11]). The composition p, t—}f piiri' — py induces a multi-
plication by |G|/|H| on homotopy groups.

Proposition A.2. If K < H < G, then tril o tr% ~ tr% to be an equivalence to be specified in

the proof.
Proof. We have a commutative diagram
k
/_\
BK —— BH —— BG
\ lq /
P
1
induced by the group inclusions and the terminal maps. We have the following diagram given

by the natural maps.

P —— Dyt ————— Pt ———— @i

| | !

PrisJiJ 1 P > @ @t

Nl lw

pgk*k* < = pgk‘gk‘* — 7“!]{3*

where the top right route is trif o tr$; and the left bottom route is tr%. [

Now we turn to the K (n)-local transfer map tAreZ mentioned in the proof for Proposition 6.5.

Letp: BG — 1 as above. We have
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D

YR

(Spkim)” 2 (SPkny

N

D=

)BG

By [HL13, Theorem 5.2.1], which is called ‘ambidexterity in K (n)-local spectra’, the norm

map Nmy,: py — p, is an isomorphism. The map
trg: Idsp,,,, — p«b" < pip*

is called the K (n)-local transfer map. Putting X to be LS, we get the transfer map as in
the proof.
Furthermore, we claim in the proof that 5(a + b) = B(a)5(b), or equivalently, Sx(a + b) =

S, Bi(a)Br_i(b) for all k.

Lemma A.3. If G, H are static groups, then tArecxH(LK(n)S) ~ ﬁZ(LK(n)S) ® t/fj{(LK(n)S) by

an equivalence to be specified in the proof.

Proof. Denote the terminal maps and the projection maps as follows.

BGXBHLBG
>z )
BH — % 31

We want to show that the following diagram commutes, where the ® denotes for the tensor

product in Sp ;).

Nmypxq

Lgm)S ———— (p X )+(p X )*(Lxw)S) (p % @hi(p % ¢)*(Lrw)S)

> * P~ * Nim,, ®Nm * S *
Lgm)SRLkm)S —— pd* (Lkm)S)®¢:q* (Licn)S) —— 0™ (Li(n)S)@q:q* (L (m)S)
The left square commutes because L (,)S is the tensor unit in Spy(,,). The right square com-

mutes because we can expand the vertical maps using the projection formula and the Beck-

Chevalley maps as follows.

17



PP ®qq"

. PP Rqq*

where the horizontal maps are norms maps from lower shrieks to lower stars. Each small dia-

gram commutes by routine check.

Now we compute

ﬁk(a + b) =

M-

s
Il
=)

M-

s
Il
=)

M-

s
Il
=)

hE

]

(trg, )" Pi(a +b)

)
®

(fr5, ) (s v, )" (Pi(a) Pys(D)

~X ~e 4
(trsm s, , © trs, ) (Pi(a) Pei(b))

)
®

(trs, s, )" (Fi(a) Pe-i(b))

~€e

J Pi(a)) ((try, )" Pii(b))

~—~
—~
—+
=)
M ®

~.
o

E|

ﬁi(a)ﬂkﬂ‘(b)

Il
=)

7

The fourth equality is similar to Proposition A.2 and the fifth equality is by the above lemma.

B A very brief introduction to HKR character theory

In this section, we give a very brief introduction to HKR character theory, in order to give a

proof for the claim at the end of the proof for Lemma 6.7. For a detailed explanation of HKR

character theory, one may read Maxime’s notes [Ram)].

Fix a finite group (G. Recall the Atiyah-Segal completion theorem says that there is an

18



isomorphism KU’ (BG) ~ R(G)}(q)> where R(G) is the complex representation ring of & and
I(G) is the augmentation ideal. This gives an interpretation of KU’(BG) in terms of class
functions. Note that at height 1, Morava E-theory is equivalent to KU;\. The idea of the HKR
character theory is a chromatic (p-local) generalization of the Atiyah-Segal completion theorem
to higher heights.

More specifically, let G} := Hom(Z, G), where G acts on G? by conjugation. For each

compact G-anima X, the HKR character theory gives us a character map

Dg: E'(Xna) = Co ®p-1p0 (p7 E)(( H X),6),

aeGy

where C is the smallest ring extension of p~! E° such that the induced

Co @po E°(Xpa) = Co @p-1p0 (p7 ' E)°(( H X))

acGn
is an isomorphism.
Proposition B.1 (cf. [Ram, Proposition 2.30 and Remark 2.33]). Cj is a flat extension of p~* E°.
Corollary B.2. O is injective.

In particular, if we take X = x*, then X, ~ BG and HaeG; Xim(e) ~ GZ, so that
(Gpha =~ H[a]ec;g s BCq(im(a)), where Cg denotes the centralizer in G. Since plE is
rational, (p~'F)°(BG) ~ (p~'F)" similar to Lemma 6.6. Thus, ®¢ can be identified as an
injection

oq: E°(BG) — [] Co
ah /G

Now we want to show that

R () i
E0<szi) — H(EO(BEPJ)/ItT)®E0p
j=0

is injective at the end of the proof of Lemma 6.7.
According to [Ram, Proposition 3.10], & is compatible with group inclusions. That is, we

have the following commutative diagram.
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E(BYy) - - » s ypye, Co

pt/pP/"p

l ‘?Ex_pifj l

) i—j J i
Hj:() EO(Bij)@JEop (RSN Hj:O H(E:f'ifj);/z;pifj Co

where the right vertical map is given as the following. We have a morphism between indexes

Xp' ™I\ p j5IXp

i—j

— (Xy)5 /%, induced from the group inclusion Z;jp RN ¥,i. The vertical

map is given by projecting each component in [ | (S5 C) to the components indexed by the
pl P pl

preimages of the index under the above map between indexes.

Again, by [Ram, Proposition 3.10], we have another commutative diagram.

P, xx
k P

J —k
—
EO(BEk ® szffk) H(zkxzpjfk)g/(zk XX k) Co
>
l(trzijx S ik )* l
0 A N
E°(BX,) - ’ H(z,,jm/zpj Co

pJ
where the right vertical map is also induced from the canonical map between indexes, but this
time we map components indexed by the preimages of an index to the image component.

Therefore, we have the following diagram.

0 3
E°(BY,) <
. M - =0 Byt
H;:O EO (szj)éanpt—J < pJ ,

i 0 . ®gop' ™ i o v
[0 (BB ) ™ = T Mgyt o g, 0

It suffices to show that the map ¢ in the diagram is injective, which implies that the composition
of maps in the left column is injective. Explicitly, ¢ is a map induced from a map between
indexes by mapping the image component to the preimage components. If we can show that
the map between indexes is surjective, it will imply ¢ is injective. Running through the above

process, the map between indexes is given by

i i~ i = i~ i—j
H<<E;fp )Z/Eij o H (B X i)™ );L/(Ek X S i)™" ) - <2pi)2/2pi

k=1

20



induced from group inclusions. Note that
G, ={0 = (01" ,00): 01 € G is p-power torsion and 0,0,, = 0,01 for all [, m}

Given any o € (X,);, o can be factorized as a multiplication of permutations on disjoint
cycles for each i. Since o,, is p-power torsion, each cycle has length of a power of p. Suppose the
maximal length of cycles in o, if p'. By conjugation, we can assume that o,,, € Ezpi—lm < i

plm
Suppose | := maxj<m<n{ln}. Since o, are commuting, they can be simultaneously conjugate

. il .. . i il
to some elements in X7, . Thus, o is in the image of (X, )7/X7  — (E,)5 /%,
Since there is a cycle in o with length [, the preimage of o in (EZTZ)Z / EZTZ is not in the

image of ((Zg x Sy_) P )1/ (S x L) P

i—1 i—l

— (Z;f’ )Z/Zij_l forany 1 < k < [. Thus,

the map between indexes is surjective.
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